Abstract. Recently, J.X. Chen et al. introduced and studied the class of almost limited sets in Banach lattices. In this paper we establish some characterizations of almost limited sets in Banach lattices (resp. wDP* property of Banach lattices), that generalize some results obtained by J.X. Chen et al.. Also, we introduce and study the class of the almost limited operators, which maps the closed unit bull of a Banach space to an almost limited subset of a Banach lattice. Some results about the relationship between the class of almost limited operators and that of limited (resp. L-and M-weakly compact, resp. compact) operators are presented.
Introduction
Throughout this paper X, Y will denote real Banach spaces, and E, F will denote real Banach lattices. B X is the closed unit ball of X.
Let us recall that a norm bounded subset A of a Banach space X is called limited [4] , if every weak * null sequence (f n ) in X * converges uniformly to zero on A, that is, sup x∈A |f n (x)| → 0. We know that every relatively compact subset of X is limited. Recently, J.X. Chen et al. [5] introduced and studied the class of almost limited sets in Banach lattices. A norm bounded subset A of a Banach lattice E is said to be almost limited, if every disjoint weak * null sequence (f n ) in E * converges uniformly to zero on A.
The aim of this paper is to establish some characterizations of almost limited sets (resp. wDP * property). As consequence, we give a generalization of Theorems 2.5 and 3.2 of [5] (see Corollary 2.8 and Theorem 3.1). After that, we introduce and study the dual Schur property in Banach lattices (Sect. 3). Finally, using the almost limited sets, we define a new class of operators so-called almost limited (definition 4.1), and we establish some relationship between the class of almost limited operators and that of limited (resp. L-and M-weakly compact, resp. compact) operators (Sect. 4). Our terminology and notations are standard-we follow by [2, 8] .
Almost limited sets in Banach lattices
Recall that the lattice operations of E * are said to be weak * sequentially continuous whenever f n w An order interval of a Banach Lattice E is not necessary almost limited (resp. limited). In fact, the order interval [−1, 1] of the Banach lattice c is not almost limited (and hence not limited), where 1 := (1, 1, ...) ∈ c [5, Remark 2.4(1)].
The next proposition characterizes the Banach lattices on which every order interval is almost limited (resp. limited). Proof. Is a simple consequence of the Theorem 3.55 of [2] .
It should be noted, by Proposition 1.4 of [9] or Lemma 2.2 of [5] , that if E is a σ-Dedekind complete Banach lattice then it satisfies the following property:
So, in a σ-Dedekind complete Banach lattice every order interval is almost limited.
It is worth to note that the property (d) does not characterize the σ-Dedekind complete Banach lattices. In fact, the Banach lattice l ∞ /c 0 has the property (d) but it is not σ-Dedekind complete [9, Remark 1.5].
Also, clearly if the lattice operations of E * are weak * sequentially continuous then E has the property (d). The converse is false in general. In fact, the Dedekind complete Banach lattice l ∞ has the property (d) but the lattice operations of (l ∞ ) * are not weak * sequentially continuous. Recall that a subset A of a Banach lattice E is said to be almost order bounded if for every ǫ > 0 there exists some u ∈ E + such that A ⊆ [−u, u] + ǫB E , equivalently, if for every ǫ > 0 there exists some u ∈ E + such that (|x| − u)
To prove that the order intervals can be replaced by the almost order bounded subsets of E in the Proposition 2.1, we need the following Lemma. Lemma 2.2. Let A be a norm bounded subset of a Banach lattice E. If for every ε > 0 there exists some limited (resp. almost limited) subset A ε of E such that A ⊆ A ε + εB E , then A is limited (resp. almost limited).
Proof. Let (f n ) be a weak * null (resp. disjoint weak * null) sequence in E * , let ε > 0. Pick some M > 0 with f n ≤ M for all n. By hypothesis, there exists some limited (resp. almost limited) subset
On the other hand, as A ε is limited (resp. almost limited), there exists some n 0 with sup x∈Aε |f n (x)| < ε 2 for all n ≥ n 0 . Thus, sup x∈A |f n (x)| ≤ ε for all n ≥ n 0 . This implies sup x∈A |f n (x)| → 0, and then A is limited (resp. almost limited). To state our next result, we need the following lemma which is just a particular case of Theorem 2.4 of [6] .
Lemma 2.5. Let E be a Banach lattice, and let (f n ) ⊂ E * be a sequence with
It is obvious that all relatively compact sets and all limited sets in a Banach lattice are almost limited. The converse does not hold in general. For example, the closed unit ball B ℓ ∞ is an almost limited set in ℓ ∞ , but is not either compact or limited. 
Now by Lemma 2.5, we have sup x∈A |f n | (x) = sup x∈A |f n | (|x|) → 0. Thus by the inequality |f n (x)| ≤ |f n | (|x|) we see that sup x∈A |f n (x)| → 0. Then A is limited.
(2) Since E has the property (d) then each order interval [−x, x] of E is almost limited (Proposition 2.1 (1)), and by our hypothesis [−x, x] is limited. So, the lattice operations of E * are weak * sequentially continuous (Proposition 2.1 (2)).
The next main result, gives some equivalent conditions for T (A) to be almost limited set where A is a norm bounded solid subset of E and T : E → F is an order bounded operator.
Theorem 2.7. Let E and F be two Banach lattices such that the lattice operations of E * are sequentially weak * continuous or F has the property (d). Then for an order bounded operator T : E → F and a norm bounded solid subset A ⊂ E, the following assertions are equivalent:
-if the lattice operations of E * are sequentially weak * continuous then
Note that a norm bounded subset A of a Banach lattice E is almost limited if and only if f n (x n ) → 0 for every sequence (x n ) ⊂ A and for every weak * null disjoint sequence (f n ) ⊂ E * . However, if we take E = F and T the identity operator on E in Theorem 2.7, we obtain the following characterization of solid almost limited sets which is a generalization of Theorem 2.5 of [5] .
Corollary 2.8. Let E be a Banach lattice satisfying the property (d). Then for a norm bounded solid subset A ⊂ E, the following assertions are equivalent:
(1) A is almost limited.
If the lattice operations of E * are sequentially weak * continuous, we obtain the following characterization of solid limited sets. (1) A is limited.
Proof. Is a simple consequence of Corollary 2.8 combined with Theorem 2.6.
Weak Dunford-Pettis
In other words, E has the wDP * property if and only if for each weakly null sequence (x n ) in E and each disjoint weak * null sequence (f n ) in E * , f n (x n ) → 0. Also, we say that a Banach lattice E satisfy the bi-sequence property if for each disjoint weakly null sequence (x n ) ⊂ E + and each weak * null sequence (f n ) ⊂ (E * ) + , we have f n (x n ) → 0, equivalently, if for each disjoint weakly null sequence (x n ) ⊂ E + and each disjoint weak
Clearly, every Banach lattice with the wDP * property has the bi-sequence property. The converse is false in general. In fact, the Banach lattice c has the bisequence property (each positive weak * null sequence (f n ) in c * is norm null) but does not have the wDP * property. Indeed, let f n ∈ c * = ℓ 1 be defined as follows f n = (0, · · ·, 0, 1 (2n) , −1 (2n+1) , 0, · · ·). Then (f n ) is a disjoint weak * null sequence in c * [5, Example 2.1(2)], and clearly, the sequence (x n ) defined by x n = (0, · · ·, 0, 1 (2n) , 0, · · ·) ∈ c is weakly null, but f n (x n ) = 1 for all n.
For the Banach lattices satisfying the property (d), the concepts of bi-sequence property and wDP * property coincide. The details follow. Note that the equivalences (1) ⇔ (2) ⇔ (3) ⇔ (4) are proved in [5, Theorem 3.2] under the hypothesis that E is σ-Dedekind complete.
Recall that a Banach lattice E has the dual positive Schur property (E ∈(DPSP)), if every weak * null sequence (f n ) ⊂ (E * ) + is norm null. This property was introduced in [3] and further developed in [9] . We remark here that E ∈(DPSP) if every disjoint weak * null sequence (f n ) ⊂ (E * ) + is norm null [9, Proposition 2.3] . So, it is natural to study the Banach lattices E satisfying the following property:
Definition 3.2. A Banach lattice E is called to have the dual Schur property
In other words, E has the dual Schur property if and only if the closed unit ball B E is almost limited, equivalently, each norm bounded set in E is almost limited.
Clearly, if E ∈(DSP) then E ∈(DPSP) and E has the wDP * property, but the converse is false in general. In fact, the Banach lattice c has the dual positive Schur property (c ∈(DPSP)) but by Example 2.1(2) of [5, (2) ], c / ∈(DSP). On the other hand, the Banach lattice ℓ 1 has the wDP * property but ℓ 1 / ∈(DPSP) (see Proposition 2.1 of [9] ) and hence ℓ 1 / ∈(DSP). For the Banach lattices satisfying the property (d) (in particular, if E is σ-Dedekind complete), the notions of dual Schur property and dual positive Schur property coincide, and some new characterizations of the dual positive Schur property can be obtained. The details follow.
Theorem 3.3. For a Banach lattice E satisfying the property (d), the following statements are equivalent:
(1) E ∈(DSP) (2) E ∈(DPSP) (3) E * has order continuous norm and E has the bi-sequence property. (4) E * has order continuous norm and E has the wDP * property. (5) f n (x n ) → 0 for every bounded and disjoint sequence (x n ) ⊂ E + and every disjoint weak * null sequence (f n ) ⊂ E * . (6) f n (x n ) → 0 for every bounded and disjoint sequence (x n ) ⊂ E + and every disjoint weak
Proof. (1) ⇔ (2) Obvious, as E has the property (d).
(2) ⇔ (3) Proposition 2.5 [9] . (3) ⇔ (4) Follows from Theorem 3.1.
(1) ⇔ (5) ⇔ (6) Follows from Corollary 2.8 by noting that E ∈(DSP) if and only if the closed unit ball B E is almost limited.
Remark. If E ∈(DPSP) then the lattice operation of E
* are not weak * sequentially continuous when E is infinite dimensional. This is a simple consequence of Josefson-Nissenzweig theorem.
On the other hand, only the finite dimensional Banach spaces X satisfy the following property
Applications: Almost limited operators
Using the limited sets, Bourgain and Diestel [4] introduced the class of limited operators. An operator T : X → Y is said to be limited if T (B X ) is a limited subset of Y . Alternatively, an operator T : X → Y is limited if and only if T * (f n ) → 0 for every weak * null sequence (f n ) ⊂ Y * . Therefore, operators T : X → E that carry closed unit ball to almost limited sets arise naturally.
Definition 4.1. An operator T : X → E from a Banach space into a Banach lattice is said to be almost limited, if T (B X ) is an almost limited subset of E.
In other words, T is almost limited if and only if T * (f n ) → 0 for every disjoint weak * null sequence (f n ) ⊂ E * . Clearly every limited operator T : X → E is almost limited. But the converse is not true in general. In fact, since B l ∞ is almost limited, the identity operator
is L-weakly compact. Note that, the identity operator I : l ∞ → l ∞ is almost limited but fail to be L-weakly compact (resp. compact).
Also, an operator T : X → E is said to be semi-compact if T (B X ) is almost order bounded, that is, for each ε > 0 there exists some u ∈ E + such that
The next theorem deals the relationship between almost limited and L-weakly compact (resp.semi-compact) operators. Proof. (1) follows immediately from Theorem 2.6(1) of [5] .
(2) The "if" part follows immediately from Theorem 2.6(2) of [5] . For the "only if" part assume by way of contradiction that the norm on E is not order continuous. Then, there exists some y ∈ E + and a disjoint sequence (y n ) ⊂ [0, y] which does not converge to zero in norm. For non-zero Banach space X, choosing u ∈ X such that u = 1 and let ϕ ∈ X * such that ϕ = 1 and ϕ (u) = u . Now, define the operator T : X → E as follows:
Clearly, T is almost limited as it is compact (its rank is one). Hence, By hypothesis T is L-weakly compact. Note that (y n ) is a disjoint sequence in the solid hull of T (B E ). But the L-weak compactness of T imply that y n → 0, which is a contradiction.
(3) Assume that T : X → E is almost limited. Since the norm of E is order continuous, then by (2) T is L-weakly compact, and by Theorem 5.71 of [2] T is semi-compact. So, for each ε > 0 there exists some u ∈ E + such that T (B X ) ⊂ [−u, u] + εB E . Since E is discrete with order continuous norm, it follows from Theorem 6.1 of [8] that [−u, u] is compact. Therefore, T is compact.
(4) and (5) follows immediately from Proposition 2.3.
If the Banach lattice E is σ-Dedekind complete, we obtain the following result. 
So there is some x ∈ E + with |f n | (x) 0. By choosing a subsequence we may suppose that there is ε > 0 with |f n | (x) > ε for all n ∈ N. In view of |f n | (x) = sup{f n (u) : |u| ≤ x}, for every n there exist some |x n | ≤ x such that 2f n (x n ) ≥ |f n | (x) > ε. Now, consider the operator T :
and note that its adjoint is given by
for every (λ n ) ∈ B ℓ 1 and every m ∈ N, we see that T (B ℓ 1 ) ⊆ [−x, x]. Since E is σ-Dedekind complete then [−x, x] (and hence T (B ℓ 1 ) itself) is almost limited. Therefore, by our hypothesis the operator T limited, and hence T * (f n ) ∞ → 0, which contradicts T * (f n ) ∞ ≥ |f n (x n )| > ε 2 . This completes the proof of the theorem.
The next characterization of the order bounded almost limited operators between two Banach lattices follows immediately from Theorem 2.7. (1) T is almost limited.
(2) f n (T (x n )) → 0 for every norm bounded disjoint sequence (x n ) ⊂ E + and every weak * null disjoint sequence (f n ) ⊂ F * . If F has the property (d), we may add: (3) f n (T (x n )) → 0 for every norm bounded disjoint sequence (x n ) ⊂ E + and every weak * null disjoint sequence (f n ) ⊂ (F * ) + .
Let us recall that an operator T : E → X is said to be M-weakly compact if T (x n ) → 0 holds for every norm bounded disjoint sequence (x n ) of E.
Note that a M-weakly compact operator need not be almost limited. In fact, we know that every operator from ℓ ∞ into c 0 is M-weakly compact and by a result in [7] , there exists a non regular operator T : ℓ ∞ → c 0 , which is certainly not compact. Thus by Theorem 4.2 (3), T is not almost limited.
However, by Proposition 4.4 we have the following easy result and omit the proof. 
